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Solutions to Homework 4

Part 1. Compulsory

1. Solution. Obviously the MC is finite and irreducible, hence it is positive recur-
rent. Moreover, the chain is aperiodic, hence it has a unique stationary distribution 7.
Let 7 = (7(0),7(1),7(2)), then 7P = 7 implies that

0.47(0) + 0.37(1) +0.27(2) =7
0.47(0) + 0.47(1) + 0.47(2) = 7(1),
0.27(0) +0.37(1) + 047(2) =7

Together with 7(0) +7(1) + 7(2) = 1, we get 7 = (7(0),7(1),7(2)) = (0.3,0.4,0.3).

2. Proof. Suppose that the chain has a stationaty distribution =, then it satisfies
7P = 7, that is, for any y € S,

w(y) =D m(@)Pr,y) =Y w(x)ay = ay.
€S €S
Also one can check that 7(y) = oy, y € S satisfies
domly) = ay=) Plry) =1
yeS yeS yeS

Hence 7(y) = ay, y € S is the unique stationary distribution.

3. Proof. Note that m satisfies 7P™ = 7 for any positive integer m. Since x leads
to y, there is a positive integer n such that P"(z,y) > 0. Hence

m(y) =Y _w(z)P"(2,y) = w(a)P"(x,y) > 0.

zeS

4. Proof. Note that 7 satisfies 7P = 7. Hence

w(y) =Y w(x)P(x,y) =) _m(x)P(r,z) = cn(z).

€S €S

5. Proof. (a) Clearly 7, (z) >0 for x € S and

Y male)=(1—a)) m@) +a) m@) =(1-a)+a=1

€S TeS TeS
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Moreover, we have for any y € S,

(maP)(y) = Zﬁa(x)P(x,y)

€S
= 31 - a)mo(a) + am(2)) Pla, y)
zeS
= (1—a)) m(x)P(z,y) +a)_ m(x)P(z,y)

TES €S

= (1 = a)mo(y) + am(y) = ma(y).
Hence 7, is a stationary distribution.

(b) Since my and m; are distinct, we can choose zy € S such that my(zo) # m1 (o).
If a # B €10,1], then

Ta(0) — ma(20) = (o — B)(m1(20) — mo(20)) # 0.

Hence 7, # 7.

6. Solution. The transition matrix is given by

01000---

") +r@a=n(t) = @) ="T0 L
Wptr@e=ra) = n(z)="2 L)

By induction, m(n) = m(0) (E) ,n > 1.

If p>q (ie. p>1/2), then >~ 7(n) > %fozl 7(0) = co. Thus, the stationary
distribution does not exist.
On the other hand, if p < ¢ (i.e. p < 1/2), we have

> i) = (1 " 11? > (g) ) 7(0) = 21(1__2?%(0).

Hence the unique stationary disrtibution is given by

1—2p 1—-2p p \"
m0) = 2(1—p)’ mn) = 2(1-p)p (1—p) n=t
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10. Solution. Since X has the stationary distribution 7, X; also has the stationary
distribution 7. Note that

PXo=y, Xs=2) _7(y)P(y, )

PXo=y|Xi=2)= = .
Ko=y[Xi=2) P(X, = 1) (x)

It suffices to show that for any xz,y € S, n(z)P(x,y) = 7(y)P
|y — x| > 2, the equation is trivial. If y = x + 1, then by (9),

—~

y,x). Fory = z or

mw(x)P(x,z+1) = w(0)mep, = W(O)W =71(0)Tp11Ges1 = 7(x+1)P(x 41, 2).
Ly
Ify=xz—1, x> 1, then by (9),
Do DPx—1
m(z)P(z,x — 1) = m(0)7pq, = W(O)ﬁ =7m(0)7y—1pp1 = w(x — 1)P(x — 1, ).
L e

Part 2. Optional

7. Solution. (a) The transition matrix is given by

01 2 3 4 d—2 d—1 d
01 0 0 0 0 0 0
0 0 o0 0 0 0
02 0 £z ¢ 0 0 0
P=loo 2 o0 %2 0 0 0
00 O 0 d%dl 0 %z
00 O 0 0 0 1 0
Let 7 be the stationary distribution. Then by 7P = ,
1
W(l)g =7(0) = 7(1) =dn(0) = (‘f)W(O),
2 d(d —1)m(0)
7(0) + 7r(2)3 =7(l) = 7(2) = 5 = (g)TF(O)7
d—1 3 d(d—1)(d—2)m(0
W(l)T + 7T(3)E =m(2) = 7(3) = ( ><6 (0) = (g)ﬂ'(O),

By induction, m(n) = (Z)W(O), 0 <n < d. Together with Zi:o m(n) = 1, the stationary
distribution must be

d d d d
9 1 d\ d d—1 d_,, d
ZW‘@Z“‘(J;) ‘ﬁz(x_l) =2 =35
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Note that

=d(d—1)2% + d2%".
Hence, the variance is given by
d d d oy )\ 2 2
d(d—1 d d d
szﬁ_ ZxQ _dd=1) d_[(d\"_d
pors 24 prs 2d 4 2 2 4

8. Proof. The transition matrix is given by

0 1 2 3 4 d—2 d—1 d
5 3 0 0 0 0 0 0
I I VI 0 0 0
0 & 1 2 0 0 0 0
P=lo o & 1 & 0 0 0
0 0 0 0 1 T 5
00 0 0 0 0 s 3
Let 7 be the stationary distribution. Then by 7P = 7
1
<1> (2 m(1) = dr(0) = ({)7(0),
0 1 d—1)7(0
—W(Q ) 4 x 2)5 E‘ r(2)= & 2)”( ) _ (9)x(0),
d=1 2 (d—l)(d—27r(0)_ J

By induction, 7(n) = (Z)W(O), 0 <n < d. Together with Zi:o 7(n) = 1, the stationary
distribution must be

_ G

The result is the same as the one of the original Ehrenfest chain.

9. Solution. Let 7 be the stationary distribution. The transition function is given
by

qw:(ﬁ), ify=ao—1,2 #0;

re =2 (%) (£2), ify=ux;
Plag) == =2 ()

pe = (55)7, ify=a+1x#d

0, otherwise.




We can apply the result in page 51 of the textbook, for x > 1,
po-Pact  A(d—1)-(d—x+1)* (d\’

I (a1)? B (ar) |
and set mp =1 = (g). By the hint,

Ty =

-G

d\ 2
Hence 7(x) = m,7(0) = G) ,0<z <d.




